The technique of Weinberg's spectral-function sum rule is a powerful tool for a study of models in which global symmetry is dynamically broken. It enables us to convert information on the short-distance behavior of a theory to relations among physical quantities which appear in the low-energy picture of the theory. We apply such technique to general supersymmetry breaking models to derive new sum rules.
Introduction
In theories with spontaneously broken global symmetry, the infrared (IR) physics is described by the Nambu-Goldstone particle(s) and their interactions are restricted by the broken (and unbroken) symmetries. Those restrictions are generically called the low-energy theorems and apply to any models of symmetry breaking.
There is a less model-independent but powerful non-perturbative result called the Weinberg sum rules [1] . These are relations among spectral functions, and can be derived if the ultraviolet (UV) theory is asymptotically free and the symmetry is broken by a vacuum expectation value (VEV) of an operator whose mass dimension is high enough. The ingredients for deriving the Weinberg sum rules are (well-defined) operators such as currents and their transformation laws under the broken symmetry. In the case of chiral symmetry breaking in QCD, by using the charge-current algebra, Weinberg has derived two sum rules. Once the spectral functions are approximated by summation of one-particle states of hadrons, the rules reduce to relations among hadron masses and decay constants: f 2 π − f 2 ρ + f 2 a 1 ≃ 0 and m 2 ρ f 2 ρ − m 2 a 1 f 2 a 1 ≃ 0. They catch qualitative features of hadron properties correctly.
In this paper, we apply such procedure to the case of dynamical supersymmetry (SUSY)
breaking, and derive new sum rules among physical quantities in several models. Those sum rules are predictions of the dynamical SUSY breaking models, and even apply to the "incalculable models," such as the models proposed in Ref. [2, 3] . If there is a weakly coupled description of hadrons at low energy, i.e., the dual theory, the sum rules reduce to approximate relations among masses and decay constants. These relations can be used as a window between the UV and IR descriptions of dynamical SUSY breaking models.
Our approach is related to the study in Ref. [4] , where a technique is developed to describe soft SUSY breaking parameters in terms of current correlators in the hidden sector. The formulation, called the general gauge mediation, was used in various contexts, such as in models with gauge messengers [5] . Recently, Ref.
[6] discussed a way to calculate the current correlators by using the operator product expansion (OPE) in approximately superconformal theory.
In the next section, we apply the Weinberg's method to the direct gauge mediation models.
With sum rules derived there, we show that the sfermion mass squared is expressed in terms of masses of the spin 0, 1/2 and 1 particles in the SUSY breaking sector. Then, in section 3, we use the same technique to extract the sum rules which can be derived from several correlators of components in the supercurrent multiplet. The supercurrent multiplet is known to be well-defined in a wide class of SUSY theories. From the transformation laws of the component fields, a set of sum rules can be derived involving states with spins 0, 1/2, 1, 3/2, and 2.
2 Direct gauge mediation and sum rules
In this section, by using the language of the general gauge mediation [4] , we derive sum rules which are related to the current correlators in the hidden sector. Then, with those sum rules, we show that the sfermion mass squared can be expressed in terms of masses of the spin 0, 1/2 and 1 particles in the SUSY breaking sector.
Current multiplet and correlators
We introduce the current superfield J = J (x, θ,θ). It is defined as a real linear superfield which satisfies the current conservation conditions,D 2 J = D 2 J = 0. In components, it can be expressed as
Transformation laws of these component fields under SUSY are given by
Here, η is a parameter of the SUSY transformation, and we defined
Now, we consider the following current correlators * :
These D's should vanish if SUSY is unbroken. For later convenience, we rewrite Eqs. (6) and * We define · · · by the path integral, and thus they are Lorentz covariant.
(7) in terms of the Fourier transformed functions,C's, introduced in Ref. [4] :
where M is a characteristic mass scale of the theory. Using thoseC's, we can write down the
as follows:
Weinberg sum rules
In this subsection, we explain the procedure of deriving sum rules rather in detail. We use D 1 as an example in the following discussion. Let us define
and extend the function Π D 1 to a complex plane; it has a branch cut on the real and positive value of s. By the Cauchy integral theorem, we obtain the following identity:
where n is an integer. The paths C A and C B are shown in Fig. 1 where s 0 is an arbitrary real and positive number.
The Weinberg sum rules can be obtained by using the OPE for the second integral.
We here consider an asymptotically free theory where the OPE at a UV scale can be done perturbatively. Let O be the lowest dimensional operator whose VEV breaks SUSY, and d be the mass dimension (defined by the classical scaling in the UV theory) of O. Since Π D 1 is dimensionless, it can be expanded as
Re ( On the other hand, the function Π D 1 (s) for the real and positive s can be expressed in terms of a spectral function as follows:
where ∆(s) represents contact terms which are regular everywhere. By using the expression in Eq. (17), the first integral in Eq. (15) reduces to
for n ≥ 0. For n < 0, the integral depends on ∆(s).
In asymptotically free theories, the use of the OPE is justified when (−s) is sufficiently large. Therefore, the quantity (18) should asymptotes to zero for s 0 → ∞ if n is within the window:
From d ≤ 4, such n can only be zero. In summary, we obtain
for models with d = 3 or 4.
The sum rules we obtain from D 1 and D 3 are
No sum rule forB 1/2 is obtained from other correlators.
Low energy models and sum rules
Let us assume that the SUSY breaking model is a confining theory and its low-energy physics is well described by the lowest modesà la Weinberg [1] :
In this case, the sum rules Eqs. (21) and (22) suggest
It states that the decay constants are the same even though the masses can split.
By using the formula of the general gauge mediation [4] , the scalar masses via gauge mediation are given by
Here, m 0 , m 1/2 , m 1 are masses of the particles with spin 0, 1/2, and 1 in the hidden sector, respectively, and c 2 is the quadratic Casimir invariant. A finite result is obtained due to the sum rules. (Similar to the π + − π 0 mass splitting by QED. See [7] .) Interestingly, in
Ref. [5] , the same expression for the sfermion mass squared was derived in a model with gauge messengers.
From Eqs. (24) and (25), the gaugino masses can also be calculated as
In summary, by using the sum rules, one can express the sfermion and gaugino masses by hadron masses in the hidden sector.
Supercurrent and sum rules
In this section, as another example, we apply the same procedure used in the previous section to the supercurrent multiplet of the SUSY breaking sector.
Supercurrent and correlators
In a wide class of supersymmetric field theories, one can define a real supermultiplet called the supercurrent (J µ ) [8] (See [9] for a recent discussion). It is composed of the SUSY current (S µ α ), the symmetric energy momentum tensor (T µν ), the R-current (j µ ), and a scalar operator x. The R-current defined in this way is not conserved unless the theory is conformal. The transformation laws of those component fields under SUSY are given by
Correlators By using the above component fields, we define the following set of current correlators:
If SUSY is unbroken, all of them are vanishing.
Since it will become important when we derive sum rules, let us here discuss R-charges associated with the above correlators. The R-symmetry plays a crucial role for SUSY breaking [10] , and in most cases, it is assumed that UV theories of SUSY breaking models are R-symmetric. Therefore, in the present study, we assume that UV theories, from which OPE of the correlators are calculated, have R-symmetry. The R-charges associated with each correlator are uniquely fixed since the components of the supercurrent have R-charges determined from the SUSY algebra. Those are summarized in Table 1 Table 1 .) The number of sum rules we can derive from each correlator depends on values of d 0,2,4 as we will discuss in detail later.
Sum rules in effective theories
An explicit form of sum rules can be derived by approximating the spectral function by oneparticle states of hadrons. Such an approximation is valid when there is a weakly coupled description of hadrons at low energy. We assume that there is such an effective description.
As hadronic degrees of freedom, we introduce fields with spins from 0 to 2 as follows:
• φ (massive or massless spin 0 (scalar)),
• π (massive or massless spin 0 (pseudoscalar)),
• λ (the Goldstino, spin 1/2, massless),
• χ (massive spin 1/2 (Majorana)),
• v µ (massive spin 1 (real)),
• ψ µ (massive spin 3/2),
• h µν (massive spin 2).
Except for λ, there can exist multiple particles with the same spin and parity. In the following, we suppress the indices associated with such multiple particles. The sum rules we obtain below should be understood as the one with summations of these indices.
One particle parts of the supercurrent multiplet can be parametrized as follows:
where · · · are terms which are not linear in fields. The normalization of the fields are such that the propagators are given in Appendix A. We have implicitly assumed the CP invariance, i.e., the absence of the mixing between φ and π, for simplicity. By using the above parametrizations and the propagators in Appendix A, one can explicitly calculate the correlators Eqs. (34)- (41) as a sum over the contributions from hadrons.
Following the same procedure in section 2, one can derive the sum rules from C 1 − C 8 using the effective theory. For example, we obtain
from the correlator C 1 . This rule applies to the models with d 0 = 3 and d 0 = 4. To derive this rule, we use two approximations; one is the tree level approximation in the effective theory and the other is the perturbative calculation of the OPE for the correlator. The effective theory should have a UV cut-off, Λ eff , below which the picture of the hadron exchange (tree-level approximation) is justified. On the other hand, the OPE is a good expansion at a sufficiently short distance, (−s) > Λ OPE , where Λ OPE is a typical scale where the UV description breaks down. Therefore, the above sum rule gives a good approximation if Λ eff ≫ Λ OPE and if one takes s 0 in Fig. 1 within the window, Λ OPE < s 0 < Λ eff . In the case of QCD, this condition, Λ eff > Λ OPE , seems to be marginally satisfied, therefore the Weinberg's sum rules are satisfied in the real world to a good accuracy. The hadron summation in the sum rules should be taken while masses exceed Λ OPE [11, 12] .
Repeating the same discussion for the rest of the correlators, C 2 − C 8 , we obtain sum rules:
• Boson sum rule (d 0 = 3 and 4)
• Scalar sum rule (d 2 = 4)
• Fermion sum rule (d 2 = 4)
The correlator C 4 does not lead any sum rule for d 4 ≤ 4. For d 2 > 4 and d 4 > 4, there can be more sum rules. However, we do not try to derive those in this paper since we are not aware of such models.
Improvement of currents and sum rules
The entries in the sum rules, such as f ′ , f χ , f φ , and f π , depend on the definition of the currents in the UV theory. In deriving the sum rules, we have defined the currents as components of the supercurrent multiplet, J µ . Moreover, we have implicitly assumed that the current does not contain parameters with negative mass dimensions, otherwise the dimension of O can be arbitrarily small.
If such a supercurrent is uniquely defined, there is no ambiguity for f 's. If it is not uniquely defined, the sum rules should hold for any choice of the supercurrents. The supercurrent J µ has in general a freedom of the improvement,
where Ω is a chiral superfield. Therefore, the improvement is possible when there is a gaugeinvariant chiral superfield with a mass dimension less than or equal to two in the UV theory.
For example, if there is a chiral operator M with dimension two and R-charge zero, such as a meson operator, M can be the operator Ω. In the same way as the currents, we parametrize the one-particle parts of the operator M by low energy variables as
where
With these parametrizations, the improvement in Eq. (51) with Ω = cM , with c a real dimensionless parameter, shifts the decay constants as
The constants f , f v , f ψ , and m P are unchanged by the improvement.
When d 0 ≥ 3, sum rules in Eqs. (47) and (48) should hold for any choice of c. Therefore, we obtain the following relations:
in addition to Eqs. (47) and (48). As a trivial example, the effective theory described by a single chiral superfield,
satisfies the sum rules in Eqs. (62)-(65).
UV models and sum rules
In this section, we consider the explicit models of dynamical SUSY breaking and discuss which sum rules in Eqs. (47)-(50) apply to them. Here, we classify those models by whether R-symmetry is spontaneously broken, and by dimensions of the SUSY breaking operators.
Models with unbroken R-symmetry
We first discuss the models without spontaneous R-symmetry breaking. In this case, the correlators with non-vanishing R-charges identically vanish, and thus only Eqs. (47) and (48) can apply. Since R-symmetry is not broken, f ′ = 0 in this case. In most models, d 0 = 4
(except for the model with non-vanishing D-term for a U (1) factor), and therefore both sum rules apply.
A famous example is the O'Raifeartaigh model [13] . † However, in this case, the sum rules do not give new information since one can explicitly derive the low energy models. Examples of dynamical SUSY breaking models are the IYIT model [15, 16] and the ISS model [17] where the ISS model has unbroken discrete R-symmetry. Both of the examples have calculable IR descriptions which reduces to the O'Raifeartaigh models.
Models with spontaneous R-symmetry breaking (d 2 ≤ 3)
When R-symmetry and SUSY are both broken by an operator with R = 2 and dimension less than four, those models predict the sum rules in (47) and (48).
Examples are incalculable models such as chiral gauge theories in Ref. [2, 3] . There are also possibilities that the incalculable Kähler potential can produce a non-trivial R-symmetry breaking vacuum in the vector-like theories such as in [18, 19, 20] , although there are known effective descriptions in these cases.
In models of Ref. [2, 3] , it is suggested that the gaugino condensation, which has dimension three, breaks both SUSY and the R-symmetry through the Konishi anomaly [21] . In the vector-like models in Ref. [18, 19, 20] , a dimension-three operator, δQα(ψα S S), is the one which breaks both SUSY and R-symmetry, where ψ S and S are the fermionic and the bosonic components of a gauge singlet chiral superfield.
Models with spontaneous R-symmetry breaking (d 2 ≥ 4)
Possibly some gauge theory without a matter field can be of this type, although there is no known example. In this case, all the sum rules in Eqs. (47)- (50) can be derived.
Since R-symmetry is spontaneously broken, one can say f π = 0. This implies that the left-hand side of Eq. (48) is non-vanishing and therefore the left-hand side of Eq. (47) is also non-vanishing. Together with Eq. (50), m ψ f 2 ψ is non-vanishing (unless there is a cancellation † There are also the O'Raifeartaigh models with broken R-symmetry [14] .
among same-spin fermions). Therefore, this type of model generally involves massive spin-3/2 field.
If one finds that the sum rules in Eqs. (49) and (50) apply in some hadronic models of SUSY breaking such as the dual gravity constructions [22, 23, 24] , it may be suggesting that the microscopic description is in this category.
Discussions
We have derived sum rules for hadrons in dynamical SUSY breaking models. The sum rules involve massive fields with spin 3/2 and 2. It is interesting to note here that there is an analogy of this situation in QCD.
The Nambu-Goldstone bosons (pions) associated with the chiral symmetry breaking are described by a non-linear sigma model (chiral Lagrangian) which has a UV cut-off scale. The cut-off scale can be pushed higher by including massive hadrons. The simplest possibility is to promote the non-linear sigma model to a linear-sigma one by introducing a scalar field (which is usually called the sigma meson). However, the actual hadronic world did not choose that realization, instead, a vector meson (the rho meson) appeared as the next lightest state.
In view of such situation, the Hidden Local Symmetry (HLS) model [25] is proposed, in which the rho meson is introduced as a massive vector boson of a hidden local SU(2) symmetry.
In SUSY breaking case, the low-energy effective Lagrangian is formulated by Volkov and Akulov in Ref. [26] , where the Nambu-Goldstone fermion, the Goldstino, is introduced as non-linearly transforming field under SUSY. The simplest possibility for the next lightest mode is the superpartner of the Goldstino, formulating the low-energy effective model with a chiral supermultiplet. This is analogous to the linear sigma model realization of the chiral symmetry case. As in QCD, it is worth considering an alternative realization, namely the SUSY breaking model equivalent of the HLS realization. Such a realization is achieved by introducing the massive spin-2 field, as discussed in Ref. [27] .
Another realization of the massive higher spin states in SUSY gauge theories is related to the gauge/gravity correspondence. For example, in the Holographic QCD model [28, 29, 30, 31] , the HLS naturally emerges and the rho meson appears as a "Kaluza-Klein (KK)" excitation mode of the five-dimensional gauge field in the holographic dual. In the context of the gauge/gravity duality, the possibility of the dynamical SUSY breaking has been discussed [22, 23, 24] . If the gravity dual of the dynamical SUSY breaking model is successfully constructed, the Goldstino should be identified with a normalizable zero mode of the KK modes of the bulk gravitino [32] . Furthermore, massive spin-3/2 and massive spin-2 modes also appear from gravitino and graviton in the dual supergravity. In this sense, our effective theory with the hidden local SUSY can be related to the dual supergravity. 
A Propagators
ψ µα (x)ψ νβ (y) = P L Ψ µ (x)Ψ ν (y) P R αβ .
Ψ µ (x)Ψ ν (y) = d 4 k i(2π) 4 P µν (k) m 2 ψ − k 2 − iǫ e −ik·(x−y) . 
φ ( 
